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Abstract
We review the construction of particle physics models in the framework of non-
commutative geometry. We first give simple examples, and then progress to outline
the Connes-Lott construction of the standard Weinberg-Salam model and our con-
struction of the SO(10) model. We then discuss the analogue of the Einstein-Hilbert
action and gravitational matter couplings. Finally we speculate on some experimental
signatures of predictions specific to the non-commutative approach.
1. Introduction
The Weinberg-Salam model [1] of electroweak interactions is a milestone in the search
for unity of all fundamental interactions. But although this model has passed all ex-
perimental tests at present energies, many challenges remain. To name just a few,
we have to understand:
a-The role of the Higgs field necessary in the spontaneous breakdown of the SU(2)×
U(1) gauge symmetry.
b-The fermionic mass matrices and family mixing, the gauge coupling constants, the
mass and vacuum expectation value (vev) of the Higgs field.
c-Unifying gravity with the strong and electroweak interactions in a renormalizable
theory.
There are many attempts to solve these problems using schemes such as grand uni-
fication, Kaluza-Klein compactification and string theory, all with and without su-
persymmetry. The virtues and shortcomings of these lines of research are now well
known.
During the past few years, Connes has proposed a construction of particle physics
models based on his formulation of non-commutative geometry [2]. This method
addresses point a- raised above, in that it predicts the existence of the Higgs field
and gives it a geometrical meaning [3]. This article is a short review of Connes’ non-
commutative construction and intended for particle physicists. The mathematics
used here will be the minimum needed. For the more mathematically oriented reader
we refer to some of the available reviews [4]. Our plan is as follows. In section 2 we
introduce the non-commutative construction and give simple examples. In section 3
we review the derivation of the standard model and in section 4 the grand unified
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SO(10) model. In section 5 we describe an analogue of the Einstein-Hilbert action
and the gravitational matter couplings, and, under a natural geometrical assumption,
obtain some predictions for the top quark mass and the Higgs mass.
2. The non-commutative construction
Connes’ non-commutative geometry is very general [2]. A non-commutative geometry
is specified by the triple (A, h,D), where h is a Hilbert space, A is an involutive
algebra of operators on h, and D is an unbounded self-adjoint operator on h. Let Ω.
be the Z graded differential algebra of universal forms overR or C: Ω. = ⊕nΩn, where
A = Ω0 and Ωn is the space of n-forms with operations i) d : Ωn → Ωn+1, ii)m : Ωn⊗
Ωm → Ωn+m. The algebra of universal forms over A, Ω.(A), is generated by f and df ,
where f ∈ A. The operator d obeys Leibnitz rule, d(fg) = (df)g+f(dg), where f, g ∈
A, and d2 = 0. An n-form in Ωn(A) is given by ∑i ai0dai1 · · ·dain; ai0, · · ·ain ∈ A.
An involutive representation of Ω.(A) on h is provided by the map π : Ω.(A)→ B(h)
defined by
π(a0da1 · · ·dan) = a0[D, a1] · · · [D, an], (2.1)
where B(h) is the algebra of bounded operators on h. The non-commutativity resides
in the fact that ab is not necessarily equal, up to a sign, to ba. Let E be a vector
bundle determined by the vector space E of its sections. We will be mainly interested
in the case E = A. Let ρ be a self-adjoint element in the space Ω1(A). It determines
a connectiion with curvature θ = dρ+ρ2 ∈ Ω2(A). The Yang-Mills action functional
is obtained using the Dixmier trace which permits the definition of integration and
volume elements in non-commutative geometry. We set (see [2,3])
IYM = Trw
(
θ2D−4
)
, (2.2)
The same quantity can be defined using the heat kernel expansion (see [5]);i.e.,
limǫ→0
TrH(θ
2e−ǫD
2
)
TrH(e−ǫD
2)
. (2.3)
We illustrate these notions with two simple examples.
1-Let A1 = C∞(M), the algebra of functions on a four-dimensional Riemannian
manifold M , h the Hilbert space of spinors L2(M,
√
gd4x) and D1 = /∂, the Dirac
operator on h. The one-form ρ =
∑
i a
idbi has the image under π
π(ρ) =
∑
i
ai[D, bi] =
∑
i
ai/∂bi ≡ γµAµ. (2.4).
Similarly for the two-form dρ we have
π(dρ) =
∑
i
[D, ai][D, bi] =
∑
i
/∂ai/∂bi. (2.5)
The curvature π(θ) = π(dρ) + π(ρ)2 is then given by
π(θ) =
1
2
γµνFµν +X, (2.6)
2
where γµν = 12(γ
µγν − γνγµ), X = gµν(AµAν +
∑
i ∂µa
i∂νb
i) is an ”auxiliary field”
and Fµν is the field strength of Aµ. Notice that π(dρ)ρ=0 = g
µν
∑
i ∂µa
i∂νb
i 6= 0,
is a scalar function. This is the reason behind the presence of the auxiliary field in
π(θ). It is possible to work instead with the space Ω
2(A)
Kerπ+dKerπ , but we will not do
this now. The Yang-Mills action becomes
IYM =
∫
d4x(−1
4
FµνF
µν +X2). (2.7)
After eliminating the auxiliary field X by its equation of motion, it decouples from
the action.
2-For a two point space, we take A2 = C ⊕ C, and h = CN ⊕ CN and the Dirac
operator is D2 =
(
0 K
K∗ 0
)
, where K is an N × N matrix. The elements a ∈ A2
have the representation a→ diag(a1, a2), a1, a2 ∈ C. Then
π(ρ) =
∑
i
ai[D, bi] =
(
0 Kφ
K∗φ∗ 0
)
, (2.8)
where φ =
∑
i a
i
1(b
i
2 − bi1) and φ∗ =
∑
i a
i
2(b
i
1 − bi2). Then π(dρ) =
∑
i[D, a
i][D, bi] is
equal to
π(dρ) = −
(
KK∗(φ+ φ∗) 0
0 K∗K(φ+ φ∗)
)
. (2.9)
The Yang-Mills action is easily calculated to be
tr(θ2) = 2Tr(KK∗)2
(|φ− 1|2 − 1)2, (2.10)
It is seen to be of the same form as the Higgs potential for a scalar field φ and is
positive definite. Notice that [D, a] =
(
0 K(b2 − b1)
K∗(b1 − b2) 0
)
is a difference
operator in the discrete space.
3. The standard Weinberg-Salam model
With the simple tools introduced in the last section, we now show that it is
possible to construct realistic action functionals. Not all models are possible, but
for those ones which are, the Higgs structure is fixed. For lack of space we shall
only describe the standard Weinberg-Salam model in this section and the grand
unification SO(10) model in the next section. Our method is a modified variant of
Connes’ construction (simplifying some computations [5]).
Combining examples 1 and 2, let the algebra be A = A1 ⊗ A2 acting on the
Hilbert space h = h1 ⊗ h2, where A1 = C∞(M), considered before, and A2 =
M2(C)⊕M1(C) the algebras of 2× 2 and 1× 1 matrices. The Hilbert space is that
of spinors of the form L =
(
l
e
)
where l is a doublet and e is a singlet. The spinor L
satisfies the chirality condition γ5⊗Γ1L = L, where Γ1 = diag(12,−1) is the grading
3
operator. This implies that l = lL is left-handed and e = eR is right-handed, and so
we can write lL =
(
νL
eL
)
. The Dirac operator is D = D1 ⊗ 1 + Γ1 ⊗D2, so that
Dl =
(
/∂ ⊗ 12 γ5M12 ⊗ k
γ5M21 ⊗ k∗ /∂
)
, (3.1)
where M21 = M
∗
12 and k is a family mixing matrix. The geometry is that of a four-
dimensional manifold M times a discrete space of two points. The column M12 in
D, the vev of the Higgs field, is taken to be M12 = µ
(
0
1
)
≡ H0. The elements
a ∈ A have the representation a→ diag(a1, a2) where a1 and a2 are 2× 2 and 1× 1
unitary matrix-valued functions, respectively. The self-adjoint one-form ρ has the
representation
πl(ρ) =
(
A1 ⊗ 13 γ5H ⊗ k
γ5H
∗ ⊗ k∗ A2 ⊗ 13
)
, (3.2)
where A1 =
∑
i a
i
1/∂b
i
1, A2 =
∑
i a
i
2/∂b
i
2 and H = H0+
∑
i a
i
1H0b
i
2. In a world without
quarks, the generalized tracelessness condition Tr(Γ1π(ρ)) = 0 allows the gauge fields
to be written in the form A1 = − i2g2σaAa + ig1B, A2 = 2ig1B where g1, g2 are the
U(1) and SU(2) gauge couplings. The leptonic action < L, (D + ρ)L > gives the
correct lepton couplings to the gauge and Higgs fields. However, to be realistic, the
quarks and the SU(3) gauge group must be introduced. This can be achieved by
taking a bimodule structure relating two algebras A and B, where the algebra B is
taken to beM1(C)⊕M3(C), commuting with the action of A, and the mass matrices
in the Dirac operator are taken to be zero when acting on elements of B. Then the
one-form η in Ω1(B) has the simple form πl(η) = B1diag(12, 1), where B1 is a U(1)
gauge field associated with M1(C). The quark Hilbert space is that of the spinor
Q =


uL
dL
dR
uR

. The representation of a ∈ A is: a→ diag(a1, a2, a2) where a1 is a 2×2
matrix-valued function and a2 is a complex-valued function. The Dirac operator
acting on the quark Hilbert space is
Dq =

 γ
µ(∂µ + . . .)⊗ 12 ⊗ 13 γ5 ⊗M12 ⊗ k′ γ5 ⊗ M˜12 ⊗ k′′
γ5 ⊗M∗12 ⊗ k
′∗ γµ(∂µ + . . .)⊗ 13 0
γ5 ⊗ M˜12∗ ⊗ k′′∗ 0 γµ(∂µ + . . .)⊗ 13

⊗13, (3.3)
where k′ and k
′′
are 3 × 3 family mixing matrices, and M˜12 = µ
(
1
0
)
. Then the
one-form in Ω1(A) has the representation
πq(ρ) =

 A1 ⊗ 13 γ5H ⊗ k′ γ5H˜ ⊗ k
′′
γ5H
∗ ⊗ k′∗ A2 ⊗ 13 0
γ5H˜
∗ ⊗ k′′∗ 0 A2 ⊗ 13

 , (3.4)
where H˜a = ǫabH
b. On the algebra B the Dirac operator has zero mass matrices,
and the one form η in Ω1(B) has the representation πq(η) = B2diag(12, 1, 1) where
4
B2 is the gauge field associated with M3(C). Imposing the unimodularity condition
on the algebras A and B relates the U(1) factors in both algebras [3]: tr(A1) = 0,
A2 = B1 = −trB2 = i2g1B. We can then write
A1 = − i
2
g2A
aσa
B2 = − i
6
g1B − i
2
g3V
iλi
where g3 is the SU(3) guge coupling constant, and σ
a and λi are the Pauli and
Gell-Mann matrices, respectively. The fermionic action for the leptons is
< L, (D + ρ+ η)L >=
∫
d4x
√
g
(
L
(
Dl + πl(ρ) + πl(η)
)
L
)
, (3.5)
and, for the quarks it is
< Q, (D + ρ+ η)Q >=
∫
d4x
√
g
(
Q
(
Dq + πq(ρ) + πq(η)
)
Q
)
, (3.6)
and these can be easily checked to reproduce the standard model lepton and quark
interactions with the correct hypercharge assignments.
The bosonic actions are the square of the curvature in the lepton and quark
spaces, and are given, respectively, by
Il = Tr(Cl(θρ + θη)
2D−4l )
Iq = Tr(Cq(θρ + θη)
2D−4q )
. (3.7)
To compute the bosonic action, we use a general formula, derived in [5], based on a
Dirac operator where the discrete space has N points:
D =


/∂ ⊗ 1⊗ 1 γ5 ⊗M12 ⊗K12 . . . γ5 ⊗M1N ⊗K1N
γ5 ⊗M21 ⊗K21 /∂ ⊗ 1⊗ 1 . . . γ5 ⊗M2N
...
...
. . .
...
γ5 ⊗MN1 ⊗KN1 γ5 ⊗MN2 ⊗KN2 . . . /∂ ⊗ 1

 , (3.8)
where the Kmn are 3 × 3 matrices commuting with the ai and bi. The Yang-Mills
action associated with this operator is
Ib =
N∑
m=1
Tr
(1
2
FmµνF
µνm −
∣∣∣∑
p6=m
|Kmp|2|φmp +Mmp|2 − (Ym +X ′mm)
∣∣∣2
+
∑
p6=m
|Kmp|2
∣∣∣∂µ(φmp +Mmp) +Aµm(φmp +Mmp)− (φmp +Mmp)Aµp∣∣∣2
−
∑
n6=m
∑
p6=m,n
∣∣∣KmpKpn((φmp +Mmp)(φpn +Mpn)−MmpMpn)−Xmn)∣∣∣2),
(3.9)
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where the Am are the gauge fields in the m − m entry of π(ρ) and φmn are the
scalar fields in the m − n entry of π(ρ). The Xmn, X ′mn and Ym are fields whose
unconstrained elements are auxiliary fields that can be eliminated from the action.
Their expressions in terms of the ai and bi are
Xmn =
∑
i
aim
∑
p6=m,n
KmpKpn(MmpMpnb
i
n − bimMmpMpn), m 6= n, (3.10)
X ′mm =
∑
i
aim/∂
2bim + (∂
µAmµ + A
µmAmµ ), (3.11)
Ym =
∑
p6=m
∑
i
aim|Kmp|2|Mmp|2bim. (3.12)
Using Eqs (3.9)-(3.12) for the leptons and quarks seperately, yields an action con-
taining the kinetic terms for the U(1), SU(2) and SU(3) gauge fields, as well as the
kinetic energy and potential of the Higgs field. The most complicated step is the
elimination of the auxiliary fields, but this only changes the coefficients of the Higgs
potential, not its form. By writing Cl = diag(c1, c1, c2) and Cq = diag(c3, c3, c4, c4),
the bosonic action depends on the constants c1, c2, c3, c4, g1, g2, g3 as well as on the
Yukawa couplings. Normalizing the kinetic energies of the SU(3), SU(2) and U(1)
gauge fields fixes three of the constants c1, . . . , c4 in terms of g1, g2, g3. In the special
case when c1 = c2 = c3 = c4, one gets a constraint on the gauge coupling constants
as well as fixed values for the Higgs mass and top quark mass [3]. These relations
cannot be maintained after quantization, as can be seen from the renormalization
group equations for the coupling constants and the masses [6]. We shall not assume
any such relations among the c′s. The Higgs sector is then parametrized in terms of
two parameters λ and m which are functions of of the c′s, k, s and H0. The bosonic
part of the standard model becomes
Lb = −1
4
(
F 3µνF
µν3 + F 2µνF
µν2 + F 1µνF
µν1
)
+Dµ(H +M12)
∗Dν(H +M12)g
µν
− λ
24
∣∣∣|H +M12|2 − |M12|2∣∣∣2
. (3.13)
The cosmological constant comes out to be zero, naturally, at the classical level.
4. SO(10) unification model.
The way the strong interactions are introduced in the standard model suggests that
a more unified picture would be preferable. The starting point is the Hilbert space
of spinors and the Dirac operator acting on this space. The arrangement of fermions
determines the structure of the discrete space. We place the fermions in the 16s
spinor representation of SO(10) [7]. This is a 32-component spinor subject to the
space-time and SO(10) chirality
(γ5)
β
αψβαˆ = ψααˆ
(Γ11)
βˆ
αˆψαβˆ = ψααˆ.
(4.1)
where Γ11 = −iΓ0Γ1 · · ·Γ9. This reduces the independent spinor components to
two for the space-time indices, and to sixteen for the SO(10) indices. The general
6
fermionic action is given by
ψpααˆ
(
/∂ + AIJΓIJ
)ββˆ
ααˆ
ψp
ββˆ
+ ψTpααˆC
αβHpq
αˆβˆ
ψq
ββˆ
, (4.2)
where C is the charge conjugation matrix, p, q = 1, 2, 3 are family indices, and H is
some appropriate combination of Higgs fields breaking the subgroup SU(2) × U(1)
of SO(10) at low energies. An exception of a Higgs field that breaks the symmetry
at high energies and yet couples to fermions is the one that gives a Majorana mass
to the right handed neutrinos . The other Higgs fields needed to break the SO(10)
symmetry at high energies should not couple to the fermions so as not to give the
quarks and leptons super heavy masses. The simplest picture corresponds to the
spinor Ψ =

 P+ψP+ψ
P−ψ
c

 where ψc ≡ BCψT , B is the SO(10) conjugation matrix
satisfying B−1ΓIB = −ΓTI and P± = 12 (1 ± Γ11). However, it turns out that the
model associated with this arrangement, although elegant, is not realistic, because
the Cabbibo angle vanishes [8]. The correct model is the one with the spinor
Ψ =


P+ψ
P+ψ
P−ψ
c
P−ψ
c
λ
λc

 , (4.3)
where λ is a singlet fermion that will couple to the right-handed neutrino in the 16s.
The algebra A is equal to A1 ⊗A2 where A1 = C∞(M), and
A2 ≡ P+Cliff
(
SO(10)
)
P+ ⊕R. (4.4)
The involutive map π is taken to be
π(a) = π0(a)⊕ π0(a)⊕ π0(a)⊕ π0(a)⊕ π0(a)⊕ π1(a)⊕ π1(a), (4.5)
acting on the Hilbert space h˜ = h1⊗ (h(1)2 ⊕· · ·⊕h(6)2 ) where h(i)2 ∼= h2, i = 1, · · ·4,
h2 is the 32 dimensional Hilbert space on which A2 acts, and h(i)2 ∼= C, i = 5, 6. Let
h be the subspace of h˜ which is the image of the orthogonal projection onto elements
of the form (4.3). On h˜ the self-adjoint Dirac operator has the form (3.8), for N=6.
From Eq (4.5) we have the permutation symmetry 1 ↔ 2, 3 ↔ 4, 5 ↔ 6, and the
conjugation symmetry 1↔ 3, and the one-form π(ρ) reads
π(ρ) =


A γ5MK12 γ5NK13 γ5NK14 γ5HK15 γ5HK16
γ5MK12 A γ5NK23 γ5NK24 γ5HK25 γ5HK26
γ5N ∗K31 γ5N ∗K32 BAB−1 γ5M′K34 γ5H ′K35 γ5H ′K36
γ5N ∗K41 γ5N ∗K42 γ5M′K43 BAB−1 γ5H ′K45 γ5H ′K46
γ5H
∗K51 γ5H
∗K52 γ5H
′∗K53 γ5H
′∗K54 0 0
γ5H
∗K61 γ5H
∗K62 γ5H
′∗K63 γ5H
′∗K64 0 0

 ,
(4.6)
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where the new functions A, M, N and H are given in terms of the ai and bi by
A = P+(
∑
i
ai/∂bi)P+
M+M0 = P+(
∑
i
aiM0bi)P+
N +N0 = P+(
∑
i
aiN0BbiB−1)P−
H +H0 = P+(
∑
i
aiH0b
′i)
(4.7)
and M′ = BMB−1, H ′ = BH. We can expand these fields in terms of the SO(10)
Clifford algebra as follows:
A = P+
(
ia+ aIJΓIJ + ia
IJKLΓIJKL
)
P+
M = P+
(
m+ imIJΓIJ +m
IJKLΓIJKL
)
P+
N = P+
(
nIΓI + n
IJKΓIJK + n
IJKLMΓIJKLM
)
P−.
(4.8)
The self-adjointness condition on π(ρ) implies, after using the hermiticity of the ΓI
matrices, that all the fields a and m appearing in the expansion of A,M are real,
because both are self-adjoint, while those in N are complex. Imposing the reality
condition on the coefficients of the Clifford algebra expansion of the gauge field A
forces a = 0 = aIJKL, reducing the gauge group from U(8) to SO(10). The symmetry
breaking pattern that breaks the gauge group SO(10) must be coded into the Dirac
operator D. The Higgs fields at our disposal are M, N and H. In terms of SO(10)
representations these are 1, 45, 210 inM, complex 10, 120 and 126 in N and 16s in
H. To be explicit we shall work in a specific Γ matrix representation. The 32× 32 Γ
matrices are represented in terms of tensor products of five sets of Pauli matrices
σi, τi, ηi, ρi, κi where i = 1, 2, 3. The Γ matrices are given by
Γi = κ1ρ3ηi, Γi+3 = κ1ρ1σi
Γi+6 = κ1ρ2τi, Γ0 = κ2, Γ11 = κ3
(4.9)
where i = 1, 2, 3, and where we have omitted the tensor product symbols. In this
basis, an SO(10) chiral spinor will take the form ψ+ =
(
χ+
0
)
where χ is a 16s. The
SO(10) conjugation matrix is defined by B ≡ −Γ1Γ3Γ4Γ6Γ8 which, in the basis of
equation (4.9), becomes
B = κ1ρ2η2τ2σ2 ≡ κ1b (4.10)
where the matrix b = ρ2η2τ2σ2 is the conjugation matrix in the space of the sixteen
component spinors. The action of B on a chiral spinor is then Bψ+ =
(
0
bχ+
)
. The
advantage of this system of matrices is that bCχ+
T , have the same form as χ+ but
is right-handed not left-handed. To correctly associate the components of χ+ with
quarks and leptons, we consider the action of the charge operator [7] on χ+:
Q = −1
6
(σ3 + τ3 + ρ3τ3σ3) +
1
2
η3 (4.11)
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which gives
Qχ+ = diag(0,
2
3
,
2
3
,
2
3
,−1,−1
3
,−1
3
,−1
3
,
1
3
,
1
3
,
1
3
, 1,−2
3
,−2
3
,−2
3
, 0)χ+ (4.12)
Thus the components of the left handed spinor χ+ are written as the column
χ+ = (nL, u
1
L, u
2
L, u
3
L, eL, d
1
L, d
2
L, d
3
L,
− (d3R)c, (d2R)c, (d1R)c,−(eR)c, (u3R)c,−(u2R)c,−(u1R)c, (nR)c)
(4.12)
where the c in this equation stands for the usual charge conjugation, eg. dc = Cd
T
.
The upper and lower components in χ are mirrors, with the signs chosen so that the
spinor bCχ+
T has exactly the same form as χ+, but with the left-handed and right
handed signs, L and R, interchanged. We now specify the vevsM0, N0 and H0. The
group SO(10) is broken at high energies byM which contains the representations 45
and 210. By taking the vev of the 210 to beM0123 = O(MG), the SO(10) symmetry
is broken to SO(4)×SO(6) which is isomorphic to SU(4)c×SU(2)L×SU(2)R. The
SU(4)c is further broken to SU(3)c×U(1)c by the vev of the 45. Therefore we write
[8]
P+M0P+ = P+
(
MGΓ0123 − iM1(Γ45 + Γ78 + Γ69)
)
P+
=
1
2
(1 + κ3)
(
−MGρ3 +M1(σ3 + τ3 + ρ3τ3σ3)
) . (4.13)
ThereforeM0 breaks SO(10) to SU(3)c×U(1)c×SU(2)L×SU(2)R which is also of
rank five. The rank is reduced by giving a vev to the components of 126 that couple
to the right-handed neutrino.Therefore the vev of N0 must contain the term
M2(
1
25
)(κ1 + iκ2)(ρ1 + iρ2)(η1 + iη2)(τ1 + iτ2)(σ1 + iσ2) (4.14)
The vev of N0 break U(1)c×SU(2)R to U(1)Y , and the surviving group would be the
familiar SU(3)c × SU(2)L × U(1)Y . This breaking is also obtained for an H0 whose
vev is H0 =M3


0
...
0
1

. As we shall explain shortly, M1,M2 and M3 must be related
for the model to be consistent. The only generators that leave M0, the part of N0
given by 4.14 and H0 invariant are those of the standard model. The eight SU(3)
generators are given by (1−ρ3τ3)σi, (1−ρ3σ3)τi, ρ3(τ1σ1+τ2σ2) and ρ3(τ2σ1−τ1σ2).
The SU(2)L generators are
1
2(1± κ3ρ3)ηi. Finally the U(1)Y generator is related to
the charge operator Q by Q = 1
2
Y + T 3L, where the action of the SU(2)L isospin T
3
L
on χ+ is given by T
3
L =
1
2(1 + ρ3)η3.
For the last stage of symmetry breaking of SU(2)L×U(1)Y we can use the fieldN which contains the compex representations 10, 120 and 126. The most general
vev that preserves the group SU(3)c × U(1)Q is
P+N0P−κ1 = 1
2
(1 + κ3)
(
s+ pρ3η3 + aρ3 + a
′η3
+ (b′ + bρ3η3 + eη3 + fρ3)(σ3 + τ3 + ρ3τ3σ3)
+M2(
1
25
)(ρ1 + iρ2)(η1 + iη2)(τ1 + iτ2)(σ1 + iσ2)
)
,
(4.15)
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where all terms containing η3 break SU(2)L × U(1)Y and s, p, a, a′, b, b′, e, f are
O(MW ). The fermionic action is simply given by
If−mass =< Ψ, (D + ρ)Ψ >
= −
∫
d4x
((
(s+ p+ 3(e+ f))K(pq) + (a+ a
′ + 3(b+ b′))K[pq]
)
NpRN
q
L
+
(
(s+ p− (e+ f))K(pq) + (a+ a′ − (b+ b′))K[pq]
)
upRu
q
L
+
(
(s− p− 3(e− f))K(pq) + (a− a′ − 3(b− b′))K[pq]
)
epRe
q
L
+
(
(s− p+ e− f)K(pq) + (a− a′ + b− b′)K[pq]
)
dpRd
q
L
+
(√
2M3K
′
pqN
p
Rλ
q
L +M2K
′′
(pq)(N
pc
R )
TC−1N qcR
)
+ h.c
)
,
(4.16)
where we have denoted the family mixing matrices K13, K15 and K56 by K,K
′, K
′′
,
respectively. The symmetric and antisymmetric parts of Kpq are denoted by K(pq)
and K[pq], respectively. Since we have three neutral fields, NL, N
c
R and λL, and
their mass eigenstates are mixed, the mass matrix must be diagonalised. Ignoring
the mixing due to the generation matrices, the mass matix of the neutral fields is of
the form
(NL N cR λL
NL 0 m 0
N cR m M2 M3
λL 0 M3 0
)
, (4.17)
and we shall assume a mass hierarchy m≪M2,M3, and M2 ∼M3. Diagonalisation
of the matrix (4.17) produces two massive fields whose masses are of order M2, and
the third will be a massless left-handed neutrino.
The bosonic action can be read from Eq (3.9), for N=6. The only complicated
step is the elimination of the auxiliary fields, and one finds that the vev’s used cannot
be arbitrary but must be related for the potential to survive and the model to be
consistent. These relations are MG = M1 and M1M2 = − K15K152K12K13M23 . The bosonic
action is
− 4g2F IJµν FµνIJ + 2|K12|2Tr
((
Dµ(M+M0)
)2)
+ 8|K13|2Tr
(
|Dµ(N +N0)|2
)
+ 12|K15|2
∣∣∣Dµ(H +H0)∣∣∣2 − V (M,N ,H),
(4.18)
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where the potential V (M,N , H) is
(
Tr|K12|4 − (Tr|K12|2)2
)
Tr
(
|M+M0|2 − |M0|2
)2
+ 4
∣∣∣K13K12((M+M0)(N +N0) + (N +N0)B(M+M0)B−1)
+ 2K15K15
(
(H +H0)B(H +H0)
)∣∣∣2
+ 8
∣∣∣K12K15(M+M0)(H +H0) + 2K13K15(N +N0)B(H +H0)
− u(H +H0)
∣∣∣2
+ 16
(
Tr|K15|4 − (Tr|K15|2)2
∣∣∣|H∗ +H∗0 |2 −M23 ∣∣∣2
+ 16Tr|K15|4
∣∣∣|H∗ +H∗0 |2 −M23 ∣∣∣2,
(4.19)
and u = 2K13K15
(
s+p−3(b+b′)+2(a+a′)+M2
)−2K12K25M1. We deduce that the
SO(10) model is an attractive model. Its construction is completely dictated by the
arrangement of the fermions, their representations, and the Dirac operator acting on
them. The nature of the Higgs fields is completely fixed, and their vev’s constrained
by the requirement that the potential is non-trivial for the consistency of the theory.
The mass matrix of the fermions is realistic.
5. Gravity in non-commutative geometry
A natural question to ask is how to introduce gravity in the framework of non-
commutative geometry. An answer to this question requires a generalisation of the
basic notions of Riemannian geometry. Connes has proposed to define metric propor-
ties of a non-commutative space corresponding to an involutive unital algebra A in
terms of K-cycles over A [2-3]. In [9] it was shown that every K-cycle over A yields
a notion of ”cotangent bundle” associated to A and a Riemannian metric on the
cotangent bundle. One can also introduce analogues of the spin connection, torsion,
Riemann curvature tensor, Ricci tensor, and scalar curvature. This allows one to
write the generalized Einstein-Hilbert action. Here we shall only describe the gravity
action for a two sheeted space, and refer the reader to [9] and [4] for details. We shall
also derive, heuristically, an experimental signature of the effect of the geometry on
the standard model, which turns out to be a constraint on the Higgs mass and top
quark mass.
Consider a space-time X consisting of two copies of a four-dimensional manifold
M: X =M×Z2. The algebra A is given by A = C∞(M)⊗A1⊕C∞(M)⊗A2, whereA1 = A2 = C. The elements of A are operators of the form diag(1⊗a1, 1⊗a2) where
ai, i = 1, 2 are smooth function on M , and 1 is the identity in the Clifford algebra,
Cliff(T ∗M), of Dirac matrices over M . We consider even K-cycles (π,H,D,Γ) for A,
with π = π1 ⊕ π2, where πi is a representation of C∞(M) ⊗ Ai on a Hilbert space
L2(Si, τidv), where Si is a bundle of spinors onM with values in a finitely generated,
projective hermitian left Ai module Ei, τi is a normalized trace on Ai and dv is the
volume element on M . Then h is defined by h = L2(S1, τ1, dv)⊕ L2(S2, τ2, dv). The
Dirac operator is taken to be
D =
(
/∇M ⊗ 1 γ5 ⊗ φ
γ5 ⊗ φ∗ /∇M ⊗ 1
)
, (5.1)
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where /∇M is the standard covariant Dirac operator on M . The Z2 grading on M is
given by Γ =
(
γ5 0
0 −γ5
)
. The ”cotangent bundle” Ω1D(A) = Omega1(A)/kerπ is a
free left and right A module, with a basis {eN}5N=1 given by
ea =
(
γa 0
0 γa
)
, e5 =
(
0 γ5
−γ5 0
)
, a = 1, 2, 3, 4. (5.2)
The hermitian structure on Ω1D(A) is given by the trace of 8×8 matrices, normalized
such that tr1 = 1. Hence
< eN , eM >= tr(eN (eM )∗) = δNM . (5.3)
For a one-form ρ =
∑
i aidbi in Ω
1
D(A), π(ρ) is parametrized by
π(ρ) =
(
γµρ1µ γ5φρ5
−γ5φρ˜5 γµρ2µ
)
, (5.4)
where ρ1µ =
∑
i ai1∂µbi1, ρ5 =
∑
i ai1(bi2 − bi1), and similarly for ρ2µ and ρ˜5. Eval-
uating π(dρ) =
∑
i[D, ai][D, bi], we obtain
π(dρ) = −
(
gµν∂µai1∂νbi1 0
0 gµν∂µai2∂νbi2
)
. (5.5)
One sees that, for a suitable choice of ai, bi subject to the constraint π(ρ) = 0,
any expression of the form diag(X1, X2) can be obtained, where X1, X2 are scalar
functions. Therefore, we can express π(dρ) modulo auxiliary fields in terms of its
components:
π(dρ) =
(
γµν∂µρ1ν φγ
µγ5(∂µρ5 + ρ1µ − ρ2µ
−φγµγ5(∂µρ˜5 + ρ1µ − ρ2µ) γµν∂µα2ν
)
. (5.6)
This is a representative of π(dρ) in π
(
Ω2(A))/π(dKerπ(|Ω1(A))) orthogonal to the
auxiliary fields. Let ∇ be a connection on Ω1D(A) and ωNM ∈ Ω1D(A) defined by
∇eN = −ωNM ⊗A eM . The components of π(∇) in the basis {eN}N=5N=1 are given by
ωNM =
(
γµωN1µM γ5φl
N
M
−γ5φl˜NM γµωN2µM
)
. (5.7)
Hermiticity of ∇ then implies that
ωNiµM = −ωMiµN , i = 1, 2, l˜NM = −lMN . (5.8)
Let TN ∈ Ω2D(A) be the components of the torsion T (∇) defined by TN = T (∇)eN .
Then
TN = deN + ωNMe
M (5.9)
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Similarly define RNM ∈ Ω2D(A) by R(∇)eN = RNM⊗AeM where R(∇) is the Riemann
curvature of ∇ defined by R(∇) := −∇2. Then
RNM = dω
N
M + ω
N
Pω
P
M . (5.10)
Imposing the condition that the torsion T (∇) vanishes gives
ωa1µb = ω
a
2µb ≡ ωaµb, ωa1µ5 = −ωa2µ5 = φlabebµ,
lab = l
b
a, l
5
a = −la5, l5aeaµ = −∂µφ−1,
(5.11)
where ωaµb is the classical Levi-Civita connection derived from the metric gµν =
eaµδabe
b
ν on M . The analogue of the Einstein-Hilbert action is
I(∇) := κ−2 < RNMeM , eN > +Λ < 1, 1 >
= κ−2
∫
M
tr(RNMe
M (eN )
∗) + Λ
∫
1,
(5.12)
where κ−1 is the Planck scale. This action is then calculated to be
I(∇) = κ−2
∫
M
(
2r − 4φ∇µ∂µφ−1 + 4φ2laal55
+ φ2
(
(laa)
2 − lablba
))√
gd4x+ 2Λ
∫
M
√
gd4x,
(5.13)
where r is the scalar curvature of the classical Levi-Civita connection. The fields lab
and l55 decouple, and by setting φ = e
−κσ one finds
I(∇) = 2
∫
M
(κ−2r − 2∂µσ∂µσ + Λ)√gd4x. (5.14)
Therefore a theory of gravity on M × Z2 is equivalent to general relativity on M ,
with an additional massless scalar field σ that couples to the metric of M . To better
understand the role of the field σ we can study the coupling of gravity to the Yang-
Mills sector [10]. In the case of the standard model the field φ = e−κσ replaces the
electroweak scale. In other words, the vev of the field φ determines the electroweak
scale. This simple result has some unexpected consequences. To determine the
σ dependence in the Yang-Mills action of the standard model, we consider the σ
dependence in the Dirac operator. For example, the leptonic Dirac operator is
Dl =
(
γaeµa(∂µ + . . .)⊗ 12 ⊗ 13 γ5e−κσ ⊗M12 ⊗ k
γ5e
−κσ ⊗M∗12 ⊗ k∗ γaeµa(∂µ + . . .)⊗ 13
)
. (5.15)
From this one can easily verify that the bosonic part of the standard model is
Lb = −1
4
(
F 3µνF
µν3 + F 2µνF
µν2 + F 1µνF
µν1
)
+Dµ(H +M12)
∗Dν(H +M12)g
µνe−2κσ
− λ
24
∣∣∣|H +M12|2 − |M12|2∣∣∣2e−4κσ.
(5.16)
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The σ dependence in Eq (5.16) is a consequence of the ”Weyl invariance” of the action
(3.7) under rescaling of the Dirac operator D → e−wD, as this implies gµν → e2wgµν
and κσ → κσ + w. This can be easily seen from the scalings: π(ρ) → e−wπ(ρ) and
π(θ)→ e−2wπ(θ). By redefining H+M12 → eκσH, the H dependent terms in (5.16)
become
DµH
∗DµH + κ∂µ(H
∗H)∂µσ + κ2H∗H∂µ∂
µσ − λ
24
∣∣∣(H∗H)2 − µ2e−2κσ∣∣∣2. (5.17)
The potential in Eq (5.17) could be rewritten in the familiar form
V0 =
λ
24
(H∗H)2 − 1
2
m2(H∗H) +
3
2λ
m4, (5.18)
where we have set m2 = λµ
2
6 e
−2κσ, so that m is now a field and not just a parameter.
The potential V0 is of the same form as that of the standard model. We assume
that, after renormalization, the bosonic action takes the same form as Il + Iq. In
the absence of some understanding of symmetries, it is not possible to prove this
assumption at the quanutm level. Let φ be the component of the Higgs field that
develops a vev. We are then mainly interested in the potential
V0 =
λ
24
φ4 − 1
2
m2φ2 +
3
2λ
m4. (5.19)
Minimizing with respect to φ andm yields the same asymmetric phase φ2 = 6
λ
m2, and
the weak scale, e−κσ, is undetermined at the classical level. The quantum corrections
to the potential are given, in the one-loop approximation, by the effective Coleman-
Weinberg [11] potential of the standard model [12]:
V1 =
1
16π2
(1
4
H2(ln
H
M2
− 3
2
) +
3
4
G2(ln
G
M2
− 3
2
) +
3
2
W 2(ln
W
M2
− 5
6
)
+
3
4
Z2(ln
Z
M2
− 5
6
)− 3T 2(ln T
M2
− 3
2
)
)
,
(5.20)
where
H = −m2 + 1
2
λφ2, G = −m2 + 1
6
λφ2
W =
1
4
g22φ
2, Z =
1
4
(g22 + g
2
1)φ
2, T =
1
2
h2φ2,
(5.21)
and M is the renormalization scale. Minimizing the total potential V0 + V1 with
respect to the fields φ and m, after rescaling
G = GM2, H = HM2, T = TM2, (5.20)
the asymmetric solution is given by the solution to the following two equations:
0 = G+
M2
32π2φ2
(H −G)
(
H(lnH − 1) + 3G(lnG− 1)
)
, (5.21)
0 = G+
3M2
32π2φ2
(H −G)
(
H(lnH − 1) +G(lnG− 1)
)
− g
2
2 + g
2
1
64π2
+
3g42φ
2
128π2M2
(
ln
g22φ
2
4M2
− 1
3
)
− 3M
2
4π2φ2
T
2
(lnT − 1). (5.22)
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At the scale M = mZ , the mass of the Z-particle, the coupling constants g1, g2 as
well as the vev φ are known from experimental data, corrected with the help of the
renormalization group equations [12]:
g2 = 0.650, g1 = 0.358, φ = 246 Gev . (5.23)
The only unknowns in the minimization equations are λ, m and the square of the
top quark mass T = m2t . These equations, being complicated functions of H and
G, can only be solved numerically, for various values of T . The numerical solutions
are easily obtained using Mathematica. The Higgs mass can be determined from the
formula m2H =
∂2V
∂φ2
which gives
m2H =M
2
(
(H −G) + 9M
2
16π2φ2
(H −G)2(lnH + 1
3
lnG)
+
3g42φ
2
64π2M2
ln
g22φ
2
4M2
− 3M
2
2π2φ2
T
2
lnT
)
.
(5.24)
We now quote the results: There are only two classes of solutions, for G≪ H and for
H ≪ G. In the first case, we find that there are only two narrow bands for the top
quark mass where solutions exist. The first band is 0.365 ≤ T ≤ 0.455, G ≪ H,
corresponding to a top quark mass
54.90 Gev ≤ mt ≤ 61.35 Gev, (5.25)
which is already ruled out experimentally. The second band is very narrow: 2.57 ≤
T ≤ 2.61, G≪ H, corresponding to the top quark mass
146.23 Gev ≤ mt ≤ 147.37 Gev, (5.26)
and a Higgs mass 117.26 Gev ≤ mH ≤ 142.61 Gev. Clearly this band of values for
the top quark mass lies within the present experimental average of [13]
mt = 149 +
(
+21
−47
)
Gev. (5.27)
The second class of solutions occurs when 1.30 ≤ T ≤ 2.61, H ≪ G, corresponding
to the top quark mass
104.07 Gev ≤ mt ≤ 147.48 Gev, (5.28)
and a Higgs mass 1208 Gev ≥ mH ≥ 1197 Gev. However, since H ≪ G, and since the
coupling constant λ = O(−100), the potential, in this domain, becomes unbounded
from below, signaling the break down of the perturbative regime. Requiring stability
of the electroweak potential excludes this solution. Therefore the only acceptable
solution is (5.26) which is remarkably constrained, considering the wide range of
possibilities that one might have, a priori. We note that the field σ becomes massive
with the square of the mass given by: m2σ =
∂2V
∂σ2
. This is equal to
m2σ = κ
2m2
(
2φ2
H − 4G
H −G +
M2
16π2
(
H(1− lnH) + 3G(1− lnG))). (5.29)
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For the physically acceptable solutions we have H = O(1), G = O(10−4) and m2 =
O(M2). Then we find from Eq (5.29) that
m2σ = O(κ
2M4), (5.30)
so that mσ = O(10
−15) Gev, which is unobservable. These predictions have at best
a heuristic value, since the problem of fixing the form of the cosmological constant
at the one-loop level by imposing natural geometrical constraints is not understood.
However, they do suggest that gravitational effects may play a role in understanding
masses of fermions and Higgses.
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